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1. INTRODUCTION 
Let B be a nonempty bounded subset of a metric space (Y, d). We shall 
denote (after Kuratowski [12, p. 3031) by a(B) the infimum of the numbers r 
such that B can be covered by a finite number of subsets of Y of diameter 
less than or equal to r. Another (nonequivalent) definition of a “measure of 
noncompactness” is feasible, namely 
b,(B) = inf{r > 0 : B can be covered by a finite number of closed 
balls with centers in Y and radius Y). 
Here a closed ball with center x and radius r is the set 
B(x; r) = {y E Y : d(y, x) < Y}. 
Let S be a nonempty subset of Y and letf : S -+ Y. If for every nonempty 
bounded subset B of S with a(B) > 0 (b,(B) > 0) we have 
4W)) < 4B) (by) < GYP)), 
thenfwill be called u-condensing (by-condensing). If it is either u-condensing 
or &-condensing, f will be called condensing. It seems that Darbo [4, p. 861 was 
the first to consider a certain kind of condensing functions. 
In the sequel, co(Q), cocl(Q), int(Q), and bdy(,Q) will stand for the convex 
hull, convex closure, interior, and boundary of a nonempty subset Q of a 
topological vector space E. The set {x E Q : x is not an internal point of Q} is 
denoted bdg(Q). If x E Q we set 
Edmunds and Webb [6, p. 4731 have recently established the following 
result. 
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THEOREM A. Let H be a Hilbert space and let f  : H + H be a continuous 
condensing function such that for some R > 0 I] x 1) = R implies that f(x) # mx 
for any m > 1. Then f  has a fixed point in the closed ball of center 0 and radius R. 
We intend to prove a general fixed-point theorem which contains this 
result as a special case. Our proof is elementary in the sense that neither 
degree theory nor any version of Zorn’s lemma are used. However, we shall 
make use of a generalization of the Schauder fixed-point theorem, some 
refinements of which were presented by Halpern and Bergman [9, p. 3561, 
Browder [2, p. 2851, and Fan [7, p. 2351. At least Fan’s elegant treatment 
can be considered elementary. 
THEOREM B. Let X be a nonempty compact convex subset of a Banach 
space E. If a continuousf: X + E satis$es 
f  (9 E IX(Y) for each y  E bdg(X) (1) 
then it has a Jixed point. 
Some applications of our theorem are also included in this note. 
Remark : If D is a closed convex subset of a Banach space, then every 
point in bdy(D) is in bdg(D). 
2. THE FIXED POINT THEOREM 
Several lemmas will precede the theorem itself. 
LEMMA 1. Let X be a nonempty closed subset of a Banach space E. Let i 
denote the identity mapping. If a continuous condensing f  : X -+ E has a bounded 
range, then the image of X under g = i - f  is closed. 
Proof. We shall assume that f  is a-condensing. The same proof can be 
applied, mutatis mutandis, to the case of a b,-condensing f .  Let the sequence 
S = { yn : n = 1,2,...} converge to a certain y E E where y,, ==g(x,) and 
x, E X for each n. Set W = S u {y} and Q = g-l(W). Since Q C f  (Q) + W, 
Q is bounded. Moreover, a(Q) < a( f  (Q)) + a(W) = a( f  (Q)) because W is 
compact. Therefore a(Q) = 0. Q is in fact compact because it is closed and E 
is complete. A subsequence of {x, : n = 1,2,...) CQ converges to an x E X. 
The continuity of g implies that g(x) = y, as required. 
Kuratowski [12, p. 3031 proved the next result. 
LEMMA 2. The intersection of a decreasing sequence A, 3 A, 3 ... A, 3 ..a 
of nonempty closed bounded subsets of a complete metric space Y such that 
limn*ao a(A,) = 0 is nonempty and compact. 
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It is clear that bE can replace a in Lemma 2 because a(A) < 26,(A) for 
any nonempty bounded A C E-. 
The idea of the next lemma is due to Halpern [lo, p. 901. 
LEMMA 3. Let X be a convex subset of a vector space E. Let z belong to X 
and let y  belong to I,(z). Let C be a convex subset of E which contains y. Zf 
z~K=Xnc, thenyEZ&z). 
Proof. It is not difficult to see that y = z + C(U - a) for some c > 1 
and u E X. The convexity of C implies that u E C, so that y EI~(z). 
Let X be a nonempty convex subset of a vector space E. Let f: X-+ E 
satisfy (1). If x is an internal point of X, then Z,(x) = E. Therefore the con- 
vexity of X enables us to choose for each x E X, once and for all, a point 
u~Xsuchthatf(x)=x+c(u-~)withc~l.IfYCX,fwillbesaid 
to satisfy (I) on Y with the original coordinates if this u belongs to Y for 
each x E Y. 
LEMMA 4. Let 0 belong to C, a nonempty convex subset of a vector space E 
and assume that z E It(x) f  or some xEC. Then tzEIc(x) for any 0 <t ,< 1. 
Proof. z = x + a(y - x) for some y E C and a > 0. Let 
b = taj(ta + 1 - t). 
Then 
tz = x + (ta + 1 - t) (by - x). 
Let X be a nonempty closed convex subset of a Banach space E and let 
fi X -+ E. In addition to condition (1) we shall consider the following condi- 
tion. 
int(X) # O, and for some w E int(X), 
f(Y) - w f NY - 4 for ally E bdy(X) and m > 1. (2) 
THEOREM C. Let X be a nonempty closed convex subset of a Banach space E. 
Let a continuous condensing f: X -+ E satisfy either (1) or (2). I f  the range off 
is bounded, then it has a $xed point. 
Proof. First we shall suppose that (1) is satisfied. Without any loss of 
generality, we may assume that 0 E X. Let 0 < t < 1 and consider the func- 
tion g = tf. By Lemma 4, g still satisfies (I). Fix a point w E X and define a 
decreasing sequence {A Iz : n = 1,2,...} of nonempty bounded closed convex 
subsets of X by A,+1 = cocl(g(A,) u {w}) n A, , n > 0, where A, = X. 
Since 
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if f is u-condensing and since bE(An+i) < &(A,) if f is &-condensing, 
Lemma 2 implies that A = n(A n : n = 1, 2 ,... } is nonempty, compact, and 
convex. Moreover, with the aid of Lemma 3 it is seen that g satisfies (1) 
with the original coordinates on each A, . Hence it satisfies (1) on A also. 
An appeal to Theorem B yields a fixed point xt of g. Since the range off is 
bounded and since xt -f(xJ = (t - l)f(x& it follows that 0 belongs to 
the closure of X under i - f. Lemma 1 now implies that f has a fixed point. 
Now suppose that f satisfies (2). Let p be the Minkowski functional of 
X - w. Define a nonnegative function q on X by q(x) = 1 ifp( f(x) - w) < 1, 
and q(x) = l/p( f (x) - w) if p( f(z) - w) > 1. The function g: X--P X 
defined by g(x) = q(x)f(x) + (1 - q(x)) w is continuous, condensing 
(because for any SC X, g(S) C co(f(S) U (w}); cf. [15, p. ll]), and has 
a bounded range. It certainly satisfies (1). By the first part of the proof, 
g(z) = x for some z E X. If p(f(z) - w) > 1, then 
z - w = (f (4 -. 4lPW) - 4 and p&z-w)=: 1. 
This means that ,a E bdy(X) and leads to a contradiction. Therefore 
p(f(z) - w) < 1 and z is a fixed point off. 
Remark 1. Let X, a closed convex subset of a topological vector space E, 
have a nonempty interior. Iff: X --+ E satisfies (I), then, given any w E int(X), 
it also satisfies (2). To see this, suppose 
f(Y)=Y+h-Y)=w+m(Y--) 
where y E bdy(X) = bdg(X), UEX, a >,O and m > 1. Again let p be the 
Minkowski functional of X - w. Since a(u - w) = (m - 1 + a) (y - w), 
we obtain 
m-1+a=(m-1+a)p(y-w)=p(a(u-w))up(u-w)~a, 
a contradiction. 
Simple examples show that the converse of Remark 1 is false. 
Remark 2. Theorem C can be extended to multivalued functions in 
locally convex topological vector spaces, but this will not be done here. 
3. SOME APPLICATIONS 
In this section we present several applications of Theorem C. 
COROLLARY 1 (cf. [19, p. 4161). Let E be a Banuch space and letfi E -+ E 
be continuous and condensing. If q E [0, 11, then either there is an x E E such that 
x = qf (x), or the set {x E E : x = rf (x) for some r E (0, 1)) is unbounded. 
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Proof. Suppose the equation x = (In has no solution in E. Let n be 
any natural number and consider the mapping g: B(0; n) + E defined by 
g(x) = qf(x), x E E. g has no fixed point. Hence there exist an nz,, >k 1 and 
an x, E {X E E: 11 x II = n} such that qf (xJ _- VZ,X, . The result follows. 
Let C be a nonempty bounded closed convex subset of a Banach space E 
and let V: C x C + E. We define the associated function f: C - E of V by 
f(x) = V(x, x) for all x E C. A function g: C -+ E is said to be a strict con- 
traction if for some 0 ,< Iz < 1, /) g(x) - g(y)\, < K /i x - y 11 for all x, y E C; 
nonexpansive if 11 g(x) - g(y)11 < /) x - y I/ for all x, y E C; and a contraction 
if for every X, y E C, x # y, 11 g(x) - g(y)11 S: k(ll x - y 11) // .y - y // where 
k: (0, 00) + [0, 1) satisfies lim supt+. k(t) < 1 for each Y E (0, co). Now let Y 
be a topological space. A continuous function g: C--j Y is said to be compact 
if g(C) is contained in a compact subset of Y. 
COROLLARV 2. Let C be a nonempty bounded closed convex subset of a 
Banach space E and let V: C x C - E be continuous. Suppose that for a 
fixed y  E C, V( ., y) is a strict contraction, with k independent of y, and that the 
set { V( ., y): y  E C} is contained in a compact subset of the space of all bounded 
continuous functions from C to E equipped with the uniform metric. I f  the asso- 
ciated function f  satisfies either (1) or (2), then it has a fixed point. 
Proof. a( f  (A)) < Ku(A) f or all nonempty A C C (cf. [15, p. 111). 
This extends a result of Browder’s [3, p. 6611. 
COROLLARY 3. Let C be a nonempty bounded closed convex subset of a 
Banach space E. Let f  = g + h where g, h: C + E, g is a contraction and h 
is compact. If f :  C + E satis$es either (1) OY (2), then it has a fixed point. 
Proof. We have that f  is a-condensing. 
This proposition extends results due to Zabreiko, Kachurovskii, and 
Krasnosel’skii [21, p. 1681, Zabrieko and Krasnosel’skii [22, p. 12991, 
Petryshyn [17, p. 3441, Nashed and Wong [14, p. 7681, and Reinermann [18, 
p. 3391. 
Let C be a nonempty bounded closed convex subset of a uniformly convex 
Banach space E. We say (after Nussbaum [15, p. 811) that a continuous 
function f :  C -+ E is LANE (locally almost nonexpansive) if given x E C and 
e > 0, there exists a weak neighborhood N, of x in C such that for u, v E N, , 
(1 f(u) - f(v)11 < (1 u - v (j + e. A function g: C-t E is called strongly 
continuous if it maps weakly convergent sequences into strongly convergent 
sequences, that is, x, - x in C implies g(x,) -g(z). Nussbaum [15, p. 82, 
841 showed that a LANE function satisfies a( f  (A)) < a(A) for all nonempty 
A C C, and that it enjoys the following property: 
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If {xn> C C, x, - x and x, - f(xn) -+ .z, then 
x-f(x) =x. (3) 
COROLLARY 4. Let C be a nonempty bounded closed convex subset of a 
uniformly convex Banach space E. Let g: C + E be LANE and let h: C + E be 
strongly continuous. If f = g + h satisfies either (1) or (2), then it has a fixed 
point. 
Proof. Without any loss of generality we may assume that 0 E C in case 
(1) and that w = 0 in case (2) are satisfied. If 0 < t < 1, then tf has a fixed 
point by Theorem C. Let t, -+ 1 and choose corresponding fixed points x, . 
Since C is weakly compact we may assume that x, - x for some x E C. 
Since f (C) is bounded, x, - g(x,) converges to h(x). By (3), x - g(x) = h(x), 
as required. 
This result improves the theorems of Edmunds [5, p. 2341, Zabreiko, 
Kachurovskii, and Krasnosel’skii [21, p. 1681, Browder [3, p. 6611, Nussbaum 
[15, p. 851, and Reinermann [18, p. 3391. 
A Banach space E is said to satisfy Opial’s condition [16, p. 5921 if x, - x 
in E implies that lim, inf [[ x, - y 11 > lim, inf (1 x, - x 11 for all y # x. 
Although a Hilbert space satisfies this condition, not all uniformly convex 
spaces do [16, p. 592, 5961. On the other hand, there exist nonreflexive 
spaces which satisfy Opial’s condition [13, p. 241. 
COROLLARY 5. If C is a nonempty weakly compact convex subset of a 
Banach space E which satisjes Opial’s condition, then Corollary 3 remains 
true when “a contraction” and “compact” are replaced by “nonexpansive” and 
“strongly continuous,” respectively. 
Proof. Again we may assume that 0 E C in case (1) and that w = 0 in 
case (2) are satisfied. If 0 < t < 1, then t f  has a fixed point by Corollary 3. 
Let t, + 1 and choose corresponding fixed points x, . We may assume that 
x, - x for some x E C. Since f(C) ’ is b ounded, x, - f  (xJ --f 0. In order to 
complete the proof we show that f satisfies (3). Indeed, this follows from 
Opial’s condition and the inequality 
II x, - * - g(x) - h(x)11 < II xn - g&J - 4s) - 2 II 
+ II 4%) - Wll + II xn - x II * 
This corollary improves a result of Petryshyn’s [17, p. 3461. 
Remark 3. More fixed point theorems, extending results due to Browder 
[l, p. 2611, Petryshyn [17, p. 3501, Kirk [ll, p. 4101, and Webb [20, pp. 685- 
6871 concerning various semicontractions, can be deduced from Theorem C, 
but we shall not consider them here. 
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Let E* be the dual of a Banach space E. A duality mapping J: E + E* is a 
function which satisfies 11 Jx lj = // x /I and (Jx) (x) = Ij x /I2 for every x E E, 
which is assumed to be real. Such functions exist in any Banach space (see 
[8, p. 871 for further details). A function h: E-, E is said to be coercive if 
(14 (44) B 41 x II) II x w II h ere c is a real-valued function defined on the 
nonnegative half-line such that c(t) ---f cc as t -+ co. 
COROLLARY 6 (cf. [6, p.4771). Let E be a real Banach space and letf: E -+ E 
be condensing. If  i - f  is coercive, then it is subjective. 
Proof. Fix an element y E E and define g: E --+ E by g(x) =y + f (x), 
x E E. We have that g is condensing. Moreover, there is an R > 0 such that 
11 x /] = R implies (Jx) (g(x)) < ]j x )12, which in turn implies that g(x) # mx 
for all m > 1. If z is a fixed point of g, then z -f(z) = y, as required. 
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